FINITELY GENERATED PATHOLOGICAL EXTENSIONS
OF DIFFERENCE FIELDS

BY
ALBERT E. BABBITT, JR.

1. Introduction. The study of algebraic difference equations has led to the
discovery of difference field extensions which possess properties quite unlike
those exhibited by analogous structures in classical Galois theory or the
Galois theory for differential fields developed by E. R. Kolchin [13]. Specifi-
cally, J. F. Ritt [15] pointed out that a difference field $(*) may have exten-
sions G and 3C which cannot both be embedded in any one extension of &,
while R. M. Cohn [3] showed that § may have a proper extension % which
does not admit two distinct F-isomorphisms into any extension of §. In the
first case, G and 3C are called incompatible extensions of &; in the second case,
X is termed a monadic extension of §. For the sake of brevity, we use the
term pathological to designate an extension which either is incompatible
with some other extension of § or is a monadic extension of &.

The existence of pathological extensions has implications for both the ab-
stract and the analytic theory of difference equations [5]. The fundamental
importance of incompatible extensions, for example, becomes clear when one
examines the body of theorems in difference algebra concerning specializa-
tions. Indeed the standard theorems of algebraic geometry regarding special-
izations go over to difference algebra only if one imposes conditions preclud-
ing incompatibility [6]. The existence of monadic extensions on the other
hand, threatens seriously to complicate the task of constructing a Galois
theory for difference fields.

Thus the significance of pathological extensions to difference algebra is
unquestionably great, but our knowledge of these extensions is quite limited.
Cohn [5] has shown that a difference field admits finitely generated patho-
logical extensions only if it admits such extensions of order zero, i.e. algebraic
over the ground field. Hence fields which are algebraically closed admit no
finitely generated pathological extensions. These are the only general results
regarding finitely generated pathological extensions yet obtained.

In view of Cohn's results it is natural to inquire if the existence of finitely
generated pathological extensions of order zero in turn implies the existence
of pathological extensions which are of finite degree over the ground field.
Our primary purpose in this paper is to investigate this supposition; our
principal result is that this supposition is true.

In §2 we prove a decomposition theorem for normal extensions of order

Received by the editors June 1, 1960.
(1) All fields are assumed to be of characteristic zero.

63



64 A. E. BABBITT, JR. [January

zero and apply this theorem to prove the aforementioned principal result.
An extension F{a) is said to be a benign extension of § if F(a) is a normal ex-
tension of § and if [F(e): F]=1.d. (5(e)/F) [8]. Roughly speaking, the de-
composition theorem asserts that a normal extension of order zero is given by
an extension of limit degree one, i.e. an extension of finite degree, followed
by a series of benign extensions. As a consequence of this theorem we deduce
that the classical difference field of rational functions of one variable with
complex coefficients has no finitely generated pathological extensions.

In §3 we begin an investigation of extensions of order zero and limit degree
one. For a given normal field extension G of a difference field &, the transform-
ing operation on § may be extended to G in [G: §] ways if any. A theorem is
proved giving the number of distinct (up to isomorphism) classes of such ex-
tensions in terms of the number of automorphisms of the various extensions.

In §4 we apply previous results to the study of pathological extensions of
order zero and limit degree one. It is shown that the (algebraic) Galois group
of a monadic extension admits an automorphism leaving no nontrivial ele-
ment fixed.

In §5 we examine the intermediate fields of an extension of order zero and
limit degree one. )

While our notation and nomenclature follow closely that given in Cohn
[3; 5; 8], several points need clarification. A difference field is an ordered
pair (F, o), the first element of which is a field(?); the second, a nonzero endo-
morphism of the field, called the transforming map. If ¢ is an automorphism,
(%, o) is called an snversive difference field. Unless the notation is incon-
venient or ambiguous, we shall write § as an abbreviation for (¥, ¢). (G, u)
is an extension of (¥, ¢) if $§CG and the restriction of u to § is o. For simplic-
ity, we shall frequently use the same symbol for the transforming map on
§ and G.

An inversive closure of a difference field (¥, ¢) is an extension of (F, o)
which is minimal in the set of extensions of (F, ¢) which are inversive differ-
ence fields. An inversive closure (G, o) of (¥, ¢) has the property that if
aEgG, then ¢™@(a)EF for a sufficiently large non-negative integer m(a).
The existence of inversive closures is proved in Cohn [4].

Many terms, particularly “field,” “extension,” “isomorphism,” “auto-
morphism,” and “group” are used both in their algebraic sense and in the
sense of difference algebra. Usually the context will indicate the usage in-
tended, but if necessary to avoid confusion we use an adjective, usually
“algebraic,” to indicate the former meaning is intended, or one of “difference”
or “transformal” to signify the latter.

The author wishes to thank Professors R. M. Cohn and E. R. Kolchin
for their many helpful suggestions during the preparation of this paper. In
particular, the former is responsible for the observation that Theorems 2.10
and 2.11 are consequences of the decomposition theorem.

2. Finitely generated extensions of order zero. Throughout this section
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we assume that every extension is finitely generated and of order zero. As
shown in the proof of Theorem 1 of Cohn [5], every such extension is simply
generated.

If G is an extension of the difference field § and o is an element of G, then
a is called normal over § if F(a) is a normal field extension of . We say the
difference field G is a normal extension of ¥ if it is normal in the usual sense.
It is clear that if € is normal over &, then F(a) is a normal extension of &.

Let §=5{(a) and suppose [F(a, a1): F(a)|=1.d. (§/F). Then a is termed a
standard generator of G over §. Given a generator \ of G over ¥, we can find a
standard generator by the following procedure.

Let [FQ\, - - -, M) : FQ\, - - -, N\)]=1d. (§/9), and choose @ EG so that
Fla)=F(, - - -, N). Then F(a, a1) =F(\, « - -, N\iy1) so that « is a standard
generator of G over .

In an analogous fashion, if a normal generator of G over § is given, we
can find a normal standard generator for G over &.

For any extension G of § we denote by G, or G! if there is no danger of
ambiguity, the set of elements a in G such that ..d. (F{a)/F) =1. G is called
the core of G over &.

THEOREM 2.1. If G is a finitely generated normal extension of order zero of
the inversive difference field F, then G is a simple, normal, inversive difference
field extension of § of order zero and of limit degree one. Further the core of G
over  is Gi.

Proof. Let , B be elements of GL. Since 1.d. (F{a, 8)/F{a)) S1.d. F(B)/F) =1
and 1.d.(F{a)/F) =1, it follows from Theorem 1 of Cohn [8] that .d.(F{(«, B)/5)
=1. Thus Ld. (F{y)/F) =1 for yEF{e, B8), and hence F{x, 8) CG!. Therefore
Glis a difference field extension of §. It is obvious that the conjugates over &
of any element of G! are in G! so that G! is normal over &. By Cohn [7] g'is
finitely generated and hence simply generated, say §' =F(a). Clearly 1.d. (§1/%)
=1 since aEG.. We may assume « is a standard generator of G! and hence
[5(et, @1): F(@) ] =1 implying F(a1) CF(a). But [F(a): F]=[F(a): F] since F
is inversive and thus §!=%(a), 0(§') =F(a1) =F(a) =G}, where o is the restric-
tion of the transforming map of G to G!, so that G! is inversive. In addition,
since 1.d. (F(a)/F) =1, a is in the core 3¢ of G§ over &, implying J¢=G§.

Let G be a difference field extension of &, and let « be a generator of G
for which [F(a): §] is minimal. We call [F(): §] the minimal degree of G over
§, written m.d. (§/F), and say a is a minimal generator of Gover §. If m.d. (g/F)
=1.d. (§/9F), then G is called a msld extension of §. If the mild extension G
has a minimal generator which is normal over &, then § is said to be a benign
extension of §. In general, we see for any extension § of &, that 1.d. (§/F)
=m.d. (g/9).

We call two difference fields § and G equivalent and write F~G, if there
exist identical inversive closures of § and G.
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LEMMA 2.1, Let ﬁzg_and_ let al, -« -, a" be elements in an extension of a
common inversive closure §=G, of § and G such that §(a, - - - , &™) is a mild

extension of F(a!, - - -, a') with minimal generator ' (0=S1=<n—1). Then
there exist non-negative integers my, - - -, ma such that Gy, - - -, off) isa
mild extension of Gla,, - - -, oy,) with minimal generator o5}, for all integers

rizm; (0Sisn—1).

Proof. We use induction on #. Since F{a!) is a mild extension of § and a!
is a minimal generator, we have

[5(a): 8] = [, - - -, awn): Fa, - - -, a)] Gz 0).

Equivalently, if f(x) is the unitary, irreducible polynomial vanishing at a!
in §[x], then fi11(x) is irreducible over F(a, - - -, &}). Since the coefficients of
f(x) are E§CF =G, we have fm,(x) EG[x] for sufficiently large m,. Then for
any integer rn2my, fr4:(x) is irreducible over §(ay, - - -, a5, 44-1)(420). For
otherwise for sufficiently large j, f,.+i+i(*) would be reducible over

1 1 . e 1 1 ey e s .
F(aptjy * * ° y Uprjrioi), afortiorioverF(a, - « -, apyjtio1), which is impossible.

Assume the theorem true for the case #—1. Since F{a!, - - -, a*!)
~G(ay, + -+, op}) for any integers 7, - - +, #a_y, the lemma follows by
applying the result for =1 with a® assuming the role of a!, F(c!, - - - , @®1)
that of &, and G{o},, - - -, af}) that of G.

LEMMA 2.2, Let $~G and let o, - - -, a" be elements in an extension of a
common inversive closure of § and G such that o't' is mormal over
Flal, - -+ ,a’) (051=n—1). Then there exist non-negative integers my, « + - , My
such that off} is normal over Glog,, - - -, o3,) for all integersrizm; (0<i<n—1).

Proof. Since the ideas here are quite similar to those used in establishing
Lemma 2.1, we merely sketch a proof. Let f(x) be the unitary irreducible
polynomial in §[x] vanishing at a!. Since ! is normal over &, the zeros of
f(x) can be written as polynomials in a! with coefficients in §. Hence there
exists a non-negative integer m; such that for any integer r;=m,; we have
fr(x) EG[x] and each zero of f,,(x) can be written as a polynomial in o}, with
coefficients in G. Then clearly o7 is normal over G. The lemma now follows
by induction on 7.

The following theorem is a direct consequence of Lemmas 2.1 and 2.2.

THEOREM 2.2, Let $~Gand let !, - - - , a™ be elements in an extension of a
common inversive closure of § and G such that F{a*, « - + , a’*t!) 45 a benign ex-
tension of F{al, - - -, a') with normal minimal generator ait!, (0Sis<n—1).
Then there exist non-negative integers my, - - - , ma such that Glog,, - - -, ‘j;:
is a benign extension of Glay,, - - -, o,) with normal minimal generator af}}

for all integers rizm;, (0Si=<n—1).
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THEOREM 2.3 (DECOMPOSITION THEOREM). Let § be an inversive difference
field and let G be a finitely generated normal extension of § of order zero. Then
there exist elements o, - - -, a® in G such that GGk, - - -, a*) and
Gh(al, - - -, a’t) is a benign extension of G§(al, - - - , a%) with normal minimal
generator a’tt, (0545s5—1).

Proof. The proof is in two parts.

Part 1. We may suppose that G5 =5. Assume G does not contain a normal
extension of § different from § and of limit degree less than %, where
n=1d. (g§/9).

Let N be a normal standard generator of G over § which minimizes
[5(\): §]. Since § is inversive [F(\1):F]=[F\):F]. The Galois group of
F(\, A1) over F()) is isomorphic with that of F(\1) over FA)NF(\;) (Theorem 1,
p. 149, Bourbaki [1]), and thus [F(\): FQA)NFA) ] = [FQ, A): FO) ] =n.
Choosing u so that F(u) =FAN)NF(\1), we see that uuEF(\,), and hence
F(u, m1) CF(\1). Since F(u) is a normal extension of &, it follows from our as-
sumption that either F(u)=5F or 1.d. (F{u)/F) =#. In the former case we have
n=[F(\):5]=[F(\): ] from which it follows that G is a benign extension
of § with normal minimal generator . In the latter case 7 < [F(u, u1): F(u)]
<[ : FA)NFA) | =7, implying F(u, u1) =F\1) and Fu)=F(\;), so that
u is a normal standard generator of F(\;) over F of degree [F(u): F]
= [F(u, w):F)/[Fw, w):Fw)]=[FMN):F]/n=[FQ):F]/n. Since G=F()
does not have a normal standard generator over  of degree less than [F(\): §],
the same must be true of the isomorphic field $(\1), so that #»=1. This implies
that 1.d. (F(\)/F) =1 and thus A€EG§=7 and §=7.

Part 2. We now assume that G contains a normal extension % of =5
of limit degree k (1 <k<mn). We make the induction assumption that the
theorem holds for extensions of limit degree <.

Working in an inversive closure é of G, we see that the inversive closure
3¢ of 3¢ is a normal extension of & since 3 is, and thus the composite G3¢ is a
normal, finitely generated extension of 3¢. By Theorem 2.1 (g@)lﬁ is inver-
sive and we may write (93—(—3)15—(;=R(B) for some BEG3e. Since 3¢(8) is inversive
we may replace 8 by any transform of itself, and since 8EG we may in fact
take SEG. Hence we may suppose that § is a standard generator of 3¢(8)
over 3¢, so that B1E3(8). Let Bi= D_;_ohiB* where k;E3C and B denotes the
ith power of B(1=7=r). If we restrict the automorphisms of § over ¥ to
3¢(B), we obtain all the relative isomorphism of 3(8) over §. Consequently,
every conjugate 8¢ of B; with respect to ¥ can be written 9= >_7_o p(h)(p(8))¢
where p is the restriction of some automorphism of G to 3¢(8). Since 3C is
normal, each p(k;) is in 3¢, and hence each 8 is in 3¢(b) where b denotes the
set of conjugates of 8 over §. It follows that 3¢(b) = 3¢(b), whence 1.d. (3¢(b)/3¢)
=1, Therefore 1.d. (3¢(b)/F) =1.d. (3¢(b)/3¢) 1.d. (3¢/F) =1-k=EF. Since 3 is
normal over ¥, so is 3¢(b). Summarizing, we have that 3¢(b) is a normal ex-
tension of , (3¢(0))§ =97, and 1.d. (3¢(b)/F) =k <n. By the induction hypoth-
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esis we may therefore write 3¢(b)~F(a!, - - - , a') where each a*€3¢(b) and
Fal, - - -, af) is a benign extension of F{a?, - - - , @*!) with normal minimal
generator a*(1 =4=1).

Now G3¢ is a finitely generated normal extension of 3¢(b). Since obviously
1.d. (3c(b)/3¢) =1, 3¢(b) must coincide with (95_(_:);;—(3 and hence is inversive.
Because l.d. (g3¢/3¢(b)) <1.d. (g/5(b)) =1.d. (g/F)/1.d. (3(b)/F)=n/k<n,
we conclude by the induction hypothesis that there exist elements y?, - - -,
v*€g3e such that Gie~ae(b)(y*+!, - - -, ¥*) where ¢(b){(y™*, - - -, yi) is a
benign extension of Jc(b){y*+!, - - -, 4!} with normal minimal generator
Yi+1(]4+1 <7 <5). Since Je(b)~3(b)~F(a?, - - - , a'), it follows from Theorem
2.2 that if we set a’=+%(l+1=<j<s) with m a sufficiently large non-negative
integer, then F(al, - - -, a**!) is a benign extension of F(a!, - : -, &) with
normal minimal generator a**! (0=4=<s—1). Clearly

929% ﬁgé(bX‘Y'“, st )7.>z$<al) tre ’a.)-

This completes the proof of the theorem.

If g is a finitely generated, normal extension of ¥ of order zero, then a
finite sequence a!, * + + , a* of elements of G as in the statement of Theorem
2.3 is said to define a benign decomposition of G over &.

Before applying the Decomposition Theorem we need several preliminary
results. Let G be a difference field and a€G. We define the inverseness of a
relative to G, denoted by i(a/g), to be the smallest non-negative integer m
for which anEG.

LEMMA 2.3. Let h be an isomorphism of (G, o) into (3¢, u). Then k can be
extended to a unigue isomorphism of (G, o) into (3¢, u). Comversely, if G and 3¢
are contained in some common over-field and if k is a nontrivial isomorphism of
(G, o) into (3¢, 1), then the restriction of h to (Q, o) is nontrivial.

Proof. Let aE€(G, o) and define k(a) =u ™ho™(at), where m=1(a/G). Let
BE (G, ¢) and set n=14(8/G), r=max (m, n), and s=i(a+B/G). Clearly s<r.
If m#n, it is easy to show s=r, and in this case, using the fact ko (y) =uh(y),
for all yEG, we have

h(a + B) = u~*ha*(a + B) = u™*ho*() + u*ho*(6)
= u*ho*™(a™(a)) + p*ho*—(a"(8))
= u~umh(o™()) + uu"h(e"(8))
= p™ho™(a) + w"ha™(8) = h(a) + k(B).
If m=n=r,let t=r—s. Then
h(a) + k() = w—ho"(a) + w—ha"(8) = u~ho"(a + B)
= p~ha'(o*(a + B)) = u~"utho*(a + 6)
= u~ha*(a + B) = h(x + B).
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Similarly  k(aB) = h(e)h(B). Furthermore, ho(a) = p—™tho™ (o(c))
=u~m+1hg™(e) =ph(er). Thus % is an isomorphism of G into 3¢ extending k.
That % is unique is obvious.

Conversely, let & be an isomorphism of § which leaves each element of G
invariant. Let a€g and set m=i(a/G). Then a=¢""(c"(a)) and k(a)
=ho~m(o™(a)) =0 "h(e™(@)) =0 ™(0™(a)) = .

From Lemma 2.3 we easily deduce a further lemma and theorem.

LEMMA 2.4. Let § be an inversive field. Then G and 3 are incompatible ex-
tensions of § if and only if G and 3¢ are incompatible extensions of 5. G is a
monadic extension of § if and only if G is a monadic extension of F.

THEOREM 2.4. Let § be an inversive difference field and let G and 3C be
equivalent finitely generated extensions of F of order zero. Then G is incompatible
with an extension X of § if and only if 3¢ and X are incompatible extensions of F.
G is @ monadic extension of § if and only if 3 is a monadic extension of F.

Let § be an inversive difference field and let G and 3C be extensions of &.
If gy and 3Cy represent difference fields formed by extending the transforming
maps of § and 3C to the minimal normal extension of § containing G and 3¢
respectively, then Gy and 3Cy are incompatible extensions of § whenever G
and 3C are.

THEOREM 2.5. Let F be an inversive difference field, and let G and 3C be
finstely gemerated, normal extensions of §. Then G and X are incompatible ex-
tensions of & if and only if G and 3k are incompatible extensions of 5.

Proof. The sufficiency of this condition is obvious. To prove the converse
we assume that §!'=G% and 3¢'=3ck have isomorphisms over § into an ex-
tension (X, u) of F. We may take X to be algebraically closed. Let !, - - -, a™
and B!, - - -, B define benign decompositions of the respective extensions §
and JC of §. By Theorem 2.4 it is sufficient to show that e, - - - , a™) and
3e1(B!, - - -, B*) have isomorphisms into X over & This in turn will follow
if we establish the following:

Let (£, ¢) be an extension of (5, o); let (M, o) be a benign extension of
(£, 0); and let ¢ be an isomorphism of (£, ¢) over (F, o) onto (£’, ) in the
extension (X, u) of (F, o). Then ¢ can be extended to an isomorphism of
(9, o) into (XK, u) over (5, o).

To prove this let @ be a minimal generator for (9N, o) over (£, ), and
set f(x) equal to the unitary irreducible polynomial in £[x] vanishing at «,
g(x) the polynomial in £’[x] obtained from f(x) by replacing the coefficients
in f(x) by their images under ¢. Then ¢ can be extended to an algebraic iso-
morphism ¢ of £(e) onto £'(B), ¢o(a) =B, where 8 is any zero of g(x). Since
a is a minimal generator of a benign extension of £, fi(x) is irreducible over
£() and ¢y can be extended to an isomorphism ¢, of £(a, a1) onto £'(8, 7v),
¢1(c1) =7, where v is any zero of k(x), the polynomial obtained from fi(x) by
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replacing the coefficients in fi(x) by their images under ¢,. Since fi(x) € £[x]
and ¢o(a) =ud(a), a€ &, it follows that Bi=pu(B) is a zero of k(x). Hence we
can take y=f,. A straightforward induction argument now yields the de-
sired result.

It is easy to see that a benign proper extension of an inversive field always
has nontrivial automorphisms, for such an extension is formed by adjoining
the zeros of a reflexive prime difference ideal which has a characteristic set
consisting of one difference polynomial of order zero. It is not so obvious,
however, that an intermediate extension should likewise be amonadic.

THEOREM 2.6. Let $(\) be a benign extension of the inversive difference field
F, and let X be a difference field intermediate to § and F(\) different from &.
Then X is an amonadic extension of .

Proof. We assume the contrary and produce a contradiction. Without
loss of generality we may take X =% ().

Let (G, o) be an inversive closure of F(\), and set 3¢ equal to the inversive
closure of F{a) in G. Let G be the algebraic Galois group of G over ¥, H the
(closed) subgroup of G corresponding to the subfield 3¢. Since F(\) is a benign
extension of § with normal minimal generator \ and since & is inversive, the
fields F(\:;) and F\;)(— © <4<j< ) are linearly disjoint and have iso-
morphic Galois groups over §. Hence we can represent G as an infinite direct
product of finite groups all isomorphic to the Galois group Gy of F(\) over &.
We designate the elements of Gy and their isomorphic images by p’s with
subscripts and elements of G by (- - -, ps, pj, Py * + * ).

Let xEG. Then if so(x) =0s(x) for every xE€3C, we must have s€E H since
§(a) is a monadic extension of § and by Lemma 2.4 the same is true of 3C.

Lets=(- -+, po, b1, P2, - - - ) be any element of G, and define s* =¢"1s0.
It is easy to see that s*=( -« «, p1, P2, Ps, - * + ), i.e., if poacts on Ao, p10n Ay,
etc., in s, then p; acts on Ao, P2 on Ay, etc. in s*.

With the above definition of s*, it follows that if 3C is a monadic extension
of §F and if s~1s*EH, then sEH.

Let a&F(\s, - -+, Nayi). We can choose elements pq, - * -, pari, Where
Parjactson N,y (0=7=1) so that P=( - - - pa_1, Pay * * *  Pati) Patisl, * * * )
is not in H no matter what choxce is made for ps—i, pas,
Datitly Patits, * + . Thus for some integer & with 0 <k =<4 (namely for k—t)
it is possible to select a set of p’s acting on A, - - -, Assk, such that
P=(--+, pat, Pay "+, Datk Datks1, + * - ) &EH no matter what choice is
made for pa_y, Pa—z, * * * ; Patks1, Paskiz * - - . Let such a k be chosen as small
as possible.

Let P=(" "+, Pact, Pay * * * , Patky Pasks1, - + - ) Tepresent an arbitrary
completion of pg, * * -, patr to an element in G, and set S=P-!P* Since

P&H and 3 is a monadic extension of &, we must have s H. But setting
=p;pis1 (—0 <i< ) we see that s4 - - -, Sapr_1 are determined by
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Day * * * , Patr, the other s; being arbitrary since we can complete pa, * * * , Patk
in such a fashion as to obtain any desired set Ss_1, Sa—2, * * * ; Sayky Sapksls

If >0 this contradicts the choice of k. If k=0 all of the s; are arbitrary and
can be chosen so that S=e. This implies e & H which is impossible.

THEOREM 2.7. Let § be an inversive difference field and let F{a) be a simple
extension of § of order zero such that 1.d. (F(a)/F) > 1. Then F{a) is an amonadic
extension of §.

Proof. Let G be a finitely generated, normal extension of §F containing
F(a), and let N}, - - -, A" define a benign decomposition of G over §. Now
a &G because 1.d. (F(a)/F) > 1. Therefore if we denote the inversive closure
of G\, - - -, N¥) by 3,(0 <4 =) so that 3o =G§, and let » denote the small-
est positive integer for which a€3¢,, then 1=v=<n. As G5, - - -, ") (\")
is a benign extension of G§(\Y, - - -, 1) and GFQY, - - -, M)3e,y, it
follows from Theorem 2.2 that 3C,_,(\},) is a benign extension of 3¢,_; for a
sufficiently large non-negative integer m. Since for a sufficiently large non-
negative integer r we have a,€3¢,_1(\;,) and «a, € 3¢,_,, it follows from Theo-
rem 2.6 that 3C,_i(a,) is an amonadic extension of 3¢,_;. By Theorem 2.4 it
follows that 3C,_;(a) is an amonadic extension of 3¢,_;. This implies F{(a) is
an amonadic extension of &.

The results of this section together with Theorems 1 and 2 of [5] give

THEOREM 2.8. If an inversive difference field admits a finitely gemerated
pathological extension, then it admits a pathological extension of finite degree
of the same type.

As an application of Theorem 2.8 we prove

THEOREM 2.9. The difference field C(x) of rational functions of x with com-
plex coefficients, with transforming defined by f(x)—f(x+1), has no finitely
generated pathological extensions.

Proof. By Theorem 2.8 our result will follow if we show that €(x) has no
proper extensions of limit degree one. Suppose, on the contrary, that a is a
standard generator of an extension of €(x) of limit degree one. Then o, is a
rational function of a with coefficients in @€(x). But the transforming opera-
tion on €(x) is such that a1, considered as an algebraic function of x, must
have at least one branch point not occurring among the set of branch points
of the algebraic function a. This contradicts the fact that a; is rational in a.

The material in this section also enables us to give generalizations of
Theorems 1 and 2 of Cohn [5].

LEMMA 2.5. Let G=F(By, - - -, By) be an extension of the difference field &
of transformal transcendence degree g, and let 3C be a finitely generated extension
of G of order zero and limst degree one. Then 3C is generated by adjoining to G
elements which are algebraic over 5.
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Proof. It is clearly sufficient to prove the lemma with the added hypoth-
esis that & is algebraically closed in G. Thus we must show 3¢=G.

Our proof is by induction on g. Setting ¢g=1, we write 8 for 8, and let «
be any element in 3C.

Since l.d. (3¢/G) =1, there is an integer r such that for any positive
integer &, a,4xEG(e, « « +, ;). Choose k so large that the set S of transforms
of B occurring in the minimal equations with unit initial coefficients for
o, * + -, oy, and the set T of transforms of 8 occurring in the minimal equa-
tion with unit initial coefficient for a,,x are disjoint.

Let the rational expression for a,.x in terms of &, - - -, &, and transforms
of B be arranged as a rational function in members of T with coefficients
which are rational combinations of other 8;, e, - - -, a,, and with one coefh-
cient unity. Let S’ be the set of §; appearing in these coefficients, and let
U=SUS’. Then UNT=¢.

We now adjoin to the field § (not to the difference field) new algebraically

independent sets U’, U’’, - - -, each with as many members as U. The -
isomorphism mapping U—-U®, T—T, extends to an isomorphism mapping
Q, -, ;e into @, - - ,a’(.t); aﬁgk

If the rational expression for a,;: contains a coefficient which is not
algebraic over &, then since the U are algebraically independent it is easy
to see that this coefficient has distinct images under these isomorphisms.
Then the o), are all distinct. Since they are the solutions of the minimal
equation for a,;x, which is unaltered by the isomorphisms, this is impossible.
Hence every coefficient is algebraic over §. But these coefficients are in 3¢,
and since ¥ is algebraically closed in 3C, the coefficients must be in §. Thus
a,4+x€G, and so aEG, implying §=3C.

To complete the proof by induction, we set §=F(B4, * - -, B¢) and assume
the lemma true for ¢’ <¢. By the induction hypothesis 3C is generated by
adjoining to G a set 4 of elements algebraic over F(8:). Since F(8:1){(4) and
G are linearly disjoint over F(B8:1), F(81){4) is of limit degree one over F(B1).
Hence F(B:){4) is generated by adjoining to G elements algebraic over &.

THEOREM 2.10. Let G=F(By, - - -, By) be an extension of § of transformal
transcendence degree q; let 3C and X be finitely generated incompatible extensions
of G, an inversive closure of G. Then there exist elements ¢ and d of 3¢ and X re-
spectively which generate incompatible extensions of § of order zero.

Proof. Since the least normal extensions of 3¢ and X are incompatible
extensions of G, there is no loss of generality if we assume 3¢ and X to be nor-

mal extensions of g. Then by Theorem 2.5, 50%; and .’K‘g are incompatible ex-
tensions of g. With the aid of Lemma 2.3, it is easy to show that this in turn
implies the existence of finitely generated incompatible extensions 3C* and
X* (contained in 3¢ and X respectively) of G which are of order zero and limit
degree one. Hence by Lemma 2.5, 3¢* and X* are generated by the adjunction
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to G of elements ¢ and d respectively which are algebraic over &. If §(¢c) and
§(d) are not incompatible extensions of &, we can find an extension £ of §
containing difference subfields isomorphic to F(c) and F(d). Adjoining q ele-
ments annulling no nonzero difference polynomial with coefficients in £ (and
hence annulling no polynomial with coefficients in §), we obtain an extension
of £ which contains a difference subfield isomorphic to §. Hence we can con-
struct an extension of § which contains difference subfields isomorphic to
g{c) and g(d), i.e., §(c) and G(d) are not incompatible extensions of G.

THEOREM 2.11. Let G=5(By, « + -, By) be an extension of § of transformal
transcendence degree q, and let 3C be a finitely generated monadic extension of G,
an inversive closure of G. Then there exists an element a tn 3C which generates a
monadic extenston of F of order zero.

Proof. By Theorem 2.8, we may assume JC is a monadic extension of §
of order zero and limit degree one. By Lemma 2.3, there exists a monadic ex-
tension 3C* of G, 3¢* C 3¢, of order zero and limit degree one. By Lemma 2.5,
there exists an element a in 3¢* such that 3¢=G(a) and a is algebraic over &.
If §(a) is not a monadic extension of &, then there exists an extension £ of &
containing two difference subfields isomorphic to F(a). By adjoining to £ ¢
elements annulling no nonzero difference polynomial with coefficients in £,
we obtain a difference field into which G(a) has two distinct isomorphisms.

3. Extensions of limit degree one. On the basis of the results obtained in
§2, it is natural to proceed to a more detailed investigation of the structure
of normal extensions of order zero and of limit degree one (that is, difference
field extensions which as field extensions are of finite degree and normal).
The remainder of this paper will be devoted to this task.

Let (G, ¢) be a normal extension of the inversive difference field (&, o)
of limit degree one with standard generator a. If si=e, s, + + -, s, denote the
elements of the Galois group G of G over &, then the composite mappings
gs1=0, 0y, + -+, 05, are automorphisms of G whose restrictions to & give o.
Thus each o;=0s; defines a difference field extension (G, ¢;) of (F, ¢) of limit
degree one. Since there are no more than » extensions of ¢ to G, we have
proved

THEOREM 3.1. If (G, 0) is a finitely generated, normal extension of the inver-
sive difference field (F, @) of limit degree one, then there are precisely n=[G: F]
extensions (G, o) (121 n) of (F, o) each of limit degree one. The o; are given
by os;, where s;€EG(1 i< n).

The relation of this theorem to [5] becomes clear if each extension (G, o)
is thought of as arising from the adjunction to (&, ¢) of a solution of a reflexive
prime difference ideal in the decomposition of {A(y)}, where A(y) is an
algebraically irreducible, normal difference polynomial of order zero with
coefficients in §. We are further assuming that each of the reflexive prime
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difference ideals has a characteristic set of length two, the second member of
which is of degree one in .. In [5] the development is now continued by
examining the pathology of the (G, g;) with reference to the manifold of
{A()}. In our particular case the Galois group G together with a set of
automorphisms of G becomes the primary tool of our investigation.

Evidently (G, sio) is also an extension of (%, ¢), and hence s,o=0s; for
some 5;E€G. Thus the mapping s;—s¥, where s*=0¢"1s5,0 is an automorphism
of G. Furthermore the fixed points of the mapping are those elements of G
which commute with ¢ and thus are automorphisms of the difference field
(G, o) over (¥, ¢). We denote the totality of such elements by G,, and call it
the transformal Galois group of (G, o) over (&, o). The automorphism s;—s}*
is called the o-automorphism of G. Similarly we see that s; is an element of
G.,, the transformal Galois group of (G, ¢.), if and only if s; is a fixed point
of the os;-automorphism s;—si'si*s;. For ease of notation we designate
(8, ¢:) by Gi and G, by G..

We are interested not only in the automorphisms of a given g;, but also
in the F-isomorphisms of G; onto G;. For any ¢; and any s€G, so;s~'=0; for a
unique j. If j=1, then s€G;. If j#4, then s is an F-isomorphism of G; onto
G;. Thus each element of G either is an automorphism of G; or else is an iso-
morphism of G; onto some G; with j>1. Hence we can exploit the fact that the
fields g, are algebraically indistinguishable by employing G in a dual role—
as the source of automorphisms of the difference fields and of the relative
isomorphisms among the various difference fields.

From the above discussion it follows that the difference fields G;(1<:=<#)
are divided into equivalence classes of isomorphic difference fields. The follow-
ing theorem enables us to compute the number of classes from the order of
the G;.

THEOREM 3.2. The number of isomorphism classes is equalton=' Y _», ord G;.

Proof. Let Ki, - - -, K, denote the isomorphism classes and let k; denote
the number of elements in K;(1<4=<r). G operates transitively on K; so
that k; divides n. Writing n =k;h; we see that the number of elements of G
which are automorphisms of a particular difference field ;€K is equal to &,
that is k;=ord G;(g;EK;). Thus

m= 2 khi=2, >, k=2, >, ordG;= 2 ord G;.

f=1 1=1 giGK.' i=1 ngK.' j=1
COROLLARY. Y 4., hi'=1.

Proof. Since D ;.. k;=n, we have

2ohrt= 3wk =1.

() f=1
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It should be noted that while G; =G; implies G; = G;, the converse is false.
In fact, as we shall see in Example 1, §4, G; may be isomorphic to G; even
though G; and G; are incompatible extensions of &.

4. Pathological extensions of limit degree one. We turn now to the special
case which motivated this investigation. The notation and assumptions of §3
remain in force throughout this section.

THEOREM 4.1. G; is a monadic extension of (, o) if and only if G;={e}.
Furthermore, if one G; 1s a monadic extension of (5, o), then G; is a monadic
extension of (F, ) for every j.

Proof. The first statement follows from the fact that § is a normal ex-
tension of §. The second statement is an immediate consequence of the corol-
lary to Theorem 3.2.

Thus a necessary condition that a G; be a monadic extension of (7, o) is
that G admit an automorphism leaving only the neutral element fixed. Fur-
thermore, this condition is independent of ¢ and is a function of § and G only.
J. G. Thompson [16] has shown that if a finite group admits an automorphism
of prime order leaving only the neutral element fixed, then the group must be
nilpotent. Previously, Burnside [2], B. H. Neumann [14], W. Feit [9], and
G. Higman [12] had obtained results on this problem, but little is known if
the automorphism is of composite order, other than that the group may even
be solvable but not nilpotent [10].

In connection with the above remarks it should be noted that the second
assertion of Theorem 4.1 can be proved in a purely group-theoretic context
as follows:

The mapping s;—s¥si! of G is one-to-one if s,—s* leaves only the neutral
element fixed; for if s¥sy'=s/s7!, then (s7!s;)*=s7ls; implying s;=s;. The
second part of Theorem 4.1 is simply the assertion that only the neutral
element of G is mapped into a conjugate by s;—s¥. Suppose such were not
the case. Let s¥=s;s;s7! and let s; be the unique solution of the equation
s =s5;55. Then (sisi)* = (s;5:571) (sjs) = s;(s:5%) implying s, =sis or s;=e.

We have seen that an abstract finite group G can be the Galois group of a
monadic extension only if G admits an automorphism leaving only the neutral
element fixed. Turning now to the other extreme we ask, “What restriction
must be placed on G if the G, are to be mutually incompatible?” Here the
criterion is particularly simple and is given in the corollary to Theorem 4.4.

THEOREM 4.2. G; and G; are compatible extensions of (F, o) if and only if
they are isomorphic over (§, 7).

Proof. Suppose G; and G; are compatible. Then there exist isomorphisms
0, ¢ of Gi, G; respectively onto fields (3¢, u), (X, u) contained in an extension
(&, p) of (F, g). Since 3 and X are isomorphic and are normal extensions of
¥ they must be identical. It now follows that ¢—'0 gives an isomorphism of
G; onto G; over (¥, o). The converse is obvious.
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THEOREM 4.3. The n transformal Galois groups G; (1=5i=<n) satisfy
GNB(G)=G,NB(G) (1=1, j=n), where 3(G) is the center of G.

Proof. Let s€G:N3(G). Since sEG; we have s*=s;5571. Now s&€ 3(G)
gives s*=s implying s€G.. But s€GiN3(G) implies s;ss;yl=s=s* Thus
$EG;N B(G). Interchanging the roles of G; and G; we obtain the theorem.

COROLLARY. The n transformal Galois groups G; (1=i=<n) are all equal if
and only if they are in 3(G).

Proof. By Theorem 4.3 it follows that if the groups are in 3(G) then they
are equal. Suppose G;=G; (1=1, j<n) and let s€G;. Then s*=s since s€G;
and s;ssyl=s*=s (1=5j=<n) since s&G;,. Hence s€ 3(G).

An extension G; of (F, o) is said to be an isolated extension of (F, o) if G;
is incompatible with each G; (j=1,2, -+, + -+, n). By Theorem 4.2, G;
is isomorphic to no G; (j#1), and hence each s€EG must give an automorphism
of G:. Conversely, if G;=G, then G; must be an isolated extension of (¥, o).
For if not, it follows from Theorem 4.2 that G; =G, for some j (j#1). But since
G:=G this implies the existence of an element s&G which gives an automor-
phism of G; and an isomorphism of G; onto G;. This is clearly impossible, and
we have proved the following

THEOREM 4.4. An extension G; is an isolated extension of (F, o) if and only
'I;f G,' = G

COROLLARY. If the extensions G; (1S4 n) are mutually incompatible, then
G s Abelian.

Proof. To say that the G;(1 =¢=n) are mutually incompatible is to say
that each G;, (1=4=<n) isisolated, i.e., Gi=G (1 £4=<#n) by Theorem 4.4. By
the corollary to Theorem 4.3 we must have 3(G) =G.

Returning now to more general considerations, we have shown that for any
Gi, ki ord Gi=mn, where k; is the number or extensions G; in the isomorphism
class of G.. In particular either all the G; are monadic or at least two of the ex-
tensions are incompatible. These results do not depend on any restrictive
property of the group G. It is natural to expect that the imposition of a re-
striction on G will in turn limit the range of possibilities for the G;. Thus if
G is of prime order, either the G; are all monadic or mutually incompatible.
As a further example suppose G is of order n=pg, where p and g are distinct
primes. We shall show that there are four possibilities in this case:

(1) The §; (1=4=n) are monadic.

(2) The G; (1=1=n) are mutually incompatible.

(3) There are p isomorphism classes of fields each with transformal Galois
group of order p, or there are ¢ classes with group of order q.

(4) There is one isolated extension, a extensions with transformal Galois
group of order p, and b extensions with group of order ¢, where a, b is a solu-
tion of the Diophantine equation gx+py=n—1.
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Proof. Suppose there are no monadic or isolated extensions. Denoting by
a the number of classes of extensions with group of order p and by b the num-
ber with group of order ¢, we have by the corollary to Theorem 3.2, a/p
+b/q=1, or ag+bp=pq. Then p| a, g|b and we may write pgm+pgm’ =pq,
where m and m’ are positive integers. Then m+m’ =1, implying either m =0
or m’=0, i.e. either a=0,b=gq,ora=p, b=0.

Suppose there is an isolated extension. Then it is easy to see that the total
number of isolated extensions is the order of 8(G). However the center of
a group of order pgq is either the entire group or the neutral element. Hence
either all the extensions are isolated or just one is. In the latter case, using a
and b as before, we have by the corollary to Theorem 3.2:

a/p+b/qg+ 1/pg = 1,
or
ag+bp=mn—1.

It is easy to see that this equation has just one positive solution,

We conclude this section with several examples.

ExaMpLE 1. Define the transform of a rational function f(x) with coeffi-
cients in the complex field € to be f*(x), the function obtained by replacing
each coefficient in f(x) by its complex conjugate. The field (§, o) is then €(x)
with ¢ defined by the above. Let §=%(a), where « is a fourth root of x. The
Galois group G of G over § is the cyclic group of order four, and if G is de-
fined by the specification that « is its own transform, then the g-automor-
phism of G is given by

* =

S (‘L = l, 2).
*

S3 = $4

where s; is the element of order two in G. It is easy to see that G; (1=51<4)

is the subgroup of order two. Furthermore, the formula 1/4( >4 ord Gy)

s{hows Ehat there are two isomorphism classes easily verified to be {Gi, G2},
93’ 94 .

Even in a case as simple as the present example we observe basic differ-
ences from the situation in algebra and differential algebra. Consider, for
example, the field G, and the fixed field of Gi, F(a?). It can be shown that
F(a?) admits a nontrivial automorphism over §. However, since F(a?) is the
fixed field of Gy, the automorphism cannot be extended to an automorphism
of G1over §. Thus we have the anomalous fact that an intermediate difference
field may have as many automorphisms as the given extension, some of which
cannot be obtained by restricting automorphisms of the given extension.

ExaMmpLE 2. If the transforming operation on § is the identity, then G,
is isolated and the group G; is the normalizer of s;(1 <4=n). Furthermore the
extension G is isolated if and only if s;& 3(G). Evidently the intermediate
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difference fields contained in G; are those intermediate algebraic fields 3¢
which are the fixed fields of subgroups H with the property s;Hs;'=H. (We
return to such considerations in §5.) In particular consider the difference field
(%, 0) =R(a, b, c), where R is the field of rational numbers and @, b, and ¢
independent indeterminates each equal to its transform. If A(y)=33+ay?
+by+c, then by adjoining the Galois resolvent of A(y) to (¥, ¢) we obtain
a field § whose Galois group is the symmetric group of order 3!. Then the
transformal Galois groups are given by

G if i =1,
G,'=31,S,' 1f2§1§4,
S1, S5y S6 if i = 5, 6,

where s; is the neutral element of G; s, 53, 54 are the elements of order two;
and s;, ssare the elements of order three. Using the condition for isomorphisms
between fields given in §3, we find that G, =G; if and only if s; is conjugate to
s:. Hence there are three isomorphism classes

{61}, {82 G5 G4}, (S s}

We observe that the elements of the second class have unequal Galois groups.

In general, if s&EG establishes an isomorphism from G; onto G; and if
skEG;, then the mapping sy—ssks~! is an isomorphism of G; onto G;. Thus we
have

THEOREM 4.6. G,;=G; for every j such that G; =G; +f and only if G; is normal.

As in Example 2 the normal difference fields generated by the adjunction
of the roots of the general equation of order n=3(n#6) will give neither
mutually incompatible extensions nor monadic extensions since the corre-
sponding Galois group is the symmetric group. This follows from the fact that
the symmetric group of order n(n=3, n>6) is complete, i.e. has no center
and every automorphism is inner.

Since the Galois group of a given extension remains unchanged if the
definition of transforming in the ground field is altered, we can never expect
to obtain sufficient conditions for the extension to be pathological by impos-
ing restrictions on the Galois group alone. This observation is borne out by

ExAMPLE 3. Let the field § be the field of rational functions of x with coeffi-
cients in the field of complex numbers; let G be the splitting field of y°®—x.
If the transforming map ¢ on § is the identity, then the G; are mutually in-
compatible; if

o: f(x)—f*(x), then the G; are monadic; if

o: f(x)—f*(x?), then the G; all have transformal Galois groups of order
three.

As we saw in Example 2, the nature of the transforming operation may
be sufficient to guarantee the nonexistence of certain types of extensions.
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Thus if the transforming operation on the ground field is the identity, we
can never obtain monadic extensions. However, if (&, ¢) is as in Example 1,
then the adjunction of the zeros of y*—x gives mutually incompatible exten-
sions of (&, o), whereas in Example 3 we obtained monadic extensions, and in
Example 1 two isomorphism classes of two fields each.

5. Intermediate difference fields. It is natural to ask how much of the
fundamental theorem of Galois theory can be taken over to the extensions of
difference fields of limit degree one. Example 1 and the existence of monadic
extensions indicate that we cannot hope to obtain an analogue by replacing
the set of intermediate algebraic fields by the set of intermediate difference
fields and restricting the group G to G..

THEOREM 5.1. (a) The difference fields intermediate to (¥, o) and G; are
those intermediate algebraic fields 3¢ whose corresponding group G(3C), the sub-
group of G leaving 3C invariant, is invariant under the o;-automorphism of G.
(b) If (3¢, 0;) is an intermediate, normal difference field, then the transformal
Galois group of (3, 6;) over (F, &) s tsomorphic to the factor group G (3)/G(3¢),
where G (3C) is the totality of elements sEG such that [s, 0;]EG(3C), where
[s, o:]=s""071s0:. (c) If (3¢, 0:) is normal and G.(3C) is the sub-group of G
leaving (3¢, 05) invariant, then [G;: Gi(3)] < [G¥(3C): G(3¢) ] Sord G.. (d) If
[g: ] is not prime, then there exists an intermediate difference field except pos-
sibly for the case in which G is an Abelian group of prime-power order.

Proof. (a) If 67'G(3¢)o;=G(3C), then o7 !sa;(A\) =\ for any sEG(3C), any
AE 3. Hence sa;(\) =0;(\) and thus o;(\) €3¢. The converse follows by re-
versing the steps.

(b) Since (3¢, 0;) is a difference field we have, by (a), o7'G(3)o;=G(3C).
Then it is easy to see that the map sG(3¢) —o7sG(3C)o; is well-defined and is
in fact an automorphism of G/G(3C). Since the transforming operation in
(3¢, 0;) is given by restricting o; to 3¢, it follows that the restriction of the o;-
automorphism of G to G/G(3C) corresponds in the natural isomorphism be-
tween G/G(3¢) and the Galois group H of 3 over § to the g;-automorphism
of H.

If a coset sG(3¢) is left fixed by the g;-automorphism, then a simple com-
putation shows [s, o;]EG(3¢), and conversely if [s, o;]EG(5€) then sG(3¢) is
left fixed by the g;-automorphism. The totality of elements s&G for which
[s, 0:]EG(3c) form a subgroup G®¥(3¢) of G and clearly G(3) CG® ().
Furthermore G (3¢) is invariant under the ¢;-automorphism of G. Then, as
in the proof of the corresponding theorem in algebra, we show G?(3C)/G(3C)
is isomorphic to the transformal Galois group of (3¢, ¢;) over (5, o).

(c) Let sj, sx € G¥(3) and suppose [s;, :] = [s:, o:]. Then ssi?
=s71(sks71)*s; and thus sis;7'EG;. Conversely, if sisy!EG, then [s;, o:]
= [si, o;]. Since G; is a subgroup of G®¥(3¢), it follows that the number m of
elements of G(3¢) of the form [s;, o] is equal to [G®¥(3C): G:]. Hence
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m = ord G®(3¢)/ord G; = [G¥(3): G(5¢)](ord G(3¢)/ord G;), or [GH(3C):
G(3¢)]/ord G;=m/ord G(3¢) £1. Hence [G"(3¢): G(3¢) ] <ord G..

Now defining G(3¢) =G(3)NG;, we have [G;: G;(3¢) ] =ord G;/ord G,(3c)
=ord Gi/ord (G(3¢)NG;)=ord (G(3¢)-G;)/ord G(3¢), by the First Isomor-
phism Theorem. But G(3¢) CG®(3¢), and G;CG(3¢). Hence ord (G(3¢) - Gy)
<ord G¥(5C), and thus [G;: Gi(3¢) ] < [G¥(3C): G(30) ].

It can be shown that G;/G;(3¢) is isomorphic to a subgroup of H but not
necessarily to H itself. Furthermore, Example 1 shows that G®(3¢) may be
greater than the product of G; and G(3¢C).

(d) If g;is not a monadic extension of (, o), then the field corresponding
to G; is an intermediate difference field, or if G;=G then any intermediate
algebraic field is a difference field. If G; is monadic then by Herstein [11] there
exists a Sylow p-group fixed under the g;-automorphism of G for every prime
p dividing the order of G. Hence if there are no intermediate difference fields
then the order of G must be a power of a prime. But then the center of Gis a
nontrivial characteristic subgroup and hence the fixed field of the center is a
difference field. Thus if there are no intermediate difference fields, G must be
Abelian.

Part (c) can be strengthened when G; is a monadic extension of (F, o).
For simplicity we take ¢=1 and let (3¢, o) be an intermediate difference field.
We claim (3¢, ¢) is a monadic extension of (¥, o). For suppose there exist
elements s, s1, s:EG such that s; and s, are isomorphisms of (3¢, o) into
(G, o571 and thus silss*€H, i=1, 2, where H=G(3¢). For fixed s, the ele-
ment s;lss* ranges over G as s, ranges over G, for if s;lss;f =s;1ss.*, then
(sz571)*=s"1s.5;1s implying s.=s, since only the identity is mapped into a
conjugate by the g-automorphism of G. But if silss* € H, so is (sik)"s(s1h) *,
hEH, and by the previous sentence H is exhausted by elements of this form.
Hence s;Es:H and (3¢, ¢) is a monadic of (7, 7).

Extensions of the type mentioned in (d) can be realized. For example, let
(%, o) be an inversive difference field and let \ be a generic zero of { Y=y},
where y;—yy: is a difference polynomial of ${y}. The inversive closure G of
F(\) contains no square root of A, for otherwise a square root of A\, would be in
F(\) for some 720, and thus y2=X\, would be reducible, contradicting the fact
that (%, o) is inversive. If now 7 is a solution of y2—X\ in 9{ y} , with y2 =7,
then, using the fact that A and A, are algebraically independent over &, we
find that the Galois group G of G(y) over G is the four group. The s-automor-
phism of G leaves no element other than the identity fixed and permutes regu-
larly the three subgroups of order two.

The nature of the G; clearly depends on the ground field §. Thus if § is
extended to the intermediate field X, G; may be a monadic or an isolated ex-
tension of (X, o) though neither was the case originally. Hence if G(%)N\G;
={e} or G(X)NG;=G(%K), then G; is a monadic or an isolated extension of
(&, o) respectively.
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ExaMPLE. Let (¥, 6) be as in Example 1; let §=5(a), where a is a sixth
root of x. Then G is the cyclic group of order six whose elements are given by

si(l@) = 0 la 1=2i26)

while G;= {sx, 54} (1=1=6). Then each G; is an isolated extension of the fixed
field of G;(1 =4<6), but a monadic extension of the fixed field of {s;, S3, 35} .
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